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SOME MAXIMAL INEQUALITIES ON TRIEBEL-LIZORKIN SPACES FOR
p =∞
BAE JUN PARK
Abstract. In this work we give some maximal inequalities in Triebel-Lizorkin spaces, which
are “F˙ s,q∞ -variants” of Fefferman-Stein vector-valued maximal inequality and Peetre’s maximal
inequality. We will give some applications of the new maximal inequalities and discuss sharpness
of some results.
1. Introduction
1.1. Motivation. Triebel-Lizorkin space F˙ s,qp (R
d) ( or F s,qp (R
d) ) provides a general framework
that unifies the subject of classical function spaces such as Lp spaces, Hardy spaces, Sobolev spaces,
and BMO spaces. We recall
Lpspace F˙ 0,2p (R
d) = F 0,2p (R
d) = Lp(Rd) 1 < p <∞
Hardy space F˙ 0,2p (R
d) = Hp(Rd), F 0,2p (R
d) = hp(Rd) 0 < p ≤ 1
Sobolev space F˙ s,2p (R
d) = L˙ps(R
d), F s,2p (R
d) = Lps(R
d) s > 0, 1 < p <∞
BMO, bmo F˙ 0,2∞ (R
d) = BMO(Rd), F 0,2∞ (R
d) = bmo(Rd).
Many results about Lp(Rd) and Hp(Rd) have been generalized to F˙ s,qp (R
d) and the Fefferman-Stein
vector-valued maximal inequality in [4] is a key tool to develop a theory of Triebel-Lizorkin spaces.
However the maximal inequality cannot be adapted to F˙ s,q∞ (R
d). The main purpose of this paper is
to provide an analogous maximal inequality that can be readily used for F˙ s,q∞ (R
d).
For sake of simplicity we restrict ourselves in the sequel to function spaces defined on Rd and
omit “Rd”.
1.2. Maximal inequalities. Let M be the Hardy-Littlewood maximal operator, defined by
Mf(x) := sup
x∈Q
1
|Q|
∫
Q
|f(y)|dy
where the supremum is taken over all cubes containing x, and for 0 < t < ∞ let Mtf :=(M(|f |t))1/t. Then the Fefferman-Stein vector-valued maximal inequality in [4] says that for
0 < r < p, q <∞
(1.1)
∥∥∥(∑
k
(Mrfk)q)1/q∥∥∥
Lp
.
∥∥∥(∑
k
|fk|q
)1/q∥∥∥
Lp
.
Here, the notation “ . ” indicates that an unspecified constant, which may depend on d, p, q, r, is
involved in the inequality. Note that (1.1) also holds when q =∞.
Now for k ∈ Z and σ > 0 we define the Peetre maximal operator Mσ,2k by
Mσ,2kf(x) := sup
y∈Rd
|f(x− y)|
(1 + 2k|y|)σ .
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For r > 0 let E(r) be the space of tempered distributions whose Fourier transforms are supported
in {ξ : |ξ| ≤ 2r}. As shown in [16] and [24, 1.3.1] one has the majorization
(1.2) Md/r,2kf(x) .r Mrf(x),
if f ∈ E(2k).
Then it follows via (1.1) that for 0 < p <∞, 0 < q ≤ ∞, and 0 < r < p, q,
(1.3)
∥∥∥(∑
k
(Md/r,2kfk)
q
)1/q∥∥∥
Lp
.
∥∥∥(∑
k
|fk|q
)1/q∥∥∥
Lp
if fk ∈ E(2k). It is well known that r < p is necessary and Christ and Seeger [3] proved that for
q ≤ p, the condition r < q in (1.3) is a necessary condition by using a random construction.
It is natural to ask whether the analogous maximal inequalities for p = ∞ hold. Clearly, (1.1)
and (1.3) hold for p = q = ∞ and the example in [22, 2.1.4] shows that those inequalities do not
hold for p =∞ and 0 < q <∞.
Now we consider “F˙ s,q∞ -variants”, which are motivated by the definition of F˙
s,q
∞ (or F
s,q
∞ ). Let D
denote the set of all dyadic cubes in Rd and Dk the subset of D consisting of the cubes with side
length 2−k for k ∈ Z. For Q ∈ D, denote the side length of Q by l(Q), lower left corner of Q by xQ,
and the characteristic function of Q by χQ.
Note that ‖f‖F˙ 0,qp ≈ ‖{Πkf}‖Lp(lq) for p <∞ or for p = q =∞, but
‖f‖F˙ 0,q∞ ≈ sup
P∈D
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
|Πkf(x)|qdx
)1/q
, q <∞
where Πk is a homogeneous Littlewood-Paley frequency decomposition, defined in Section 2. Here
“≈” means both “.” and “&”.
One may wonder whether for 0 < r < q <∞
(1.4) sup
P∈D
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
(Mrfk(x))qdx)1/q
can be dominated by
(1.5) sup
P∈D
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
|fk(x)|qdx
)1/q
provided that fk ∈ E(2k). However, this does not hold;
Theorem 1.1. Let 0 < r, q < ∞. Then there exists a sequence {fk}, with fk ∈ E(2k), so that
(1.5) <∞ but (1.4) =∞.
In view of Theorem 1.1 we will replace Mr by an appropriate smaller maximal-type operator so
that (1.4), with Mr replaced by the new maximal operator, is bounded by (1.5).
Definition 1. For ǫ ≥ 0, r > 0, and k ∈ Z, define
Mk,ǫr f(x) := sup
2kl(Q)≤1,x∈Q
( 1
|Q|
∫
Q
|f(y)|rdy
)1/r
+ sup
2kl(Q)>1,x∈Q
(
2kl(Q)
)−ǫ( 1
|Q|
∫
Q
|f(y)|rdy
)1/r
.
We observe that
(1.6) Mk,ǫr f(x) .Mk,0r f(x) ≈Mrf(x).
Moreover, the pointwise estimate (1.2) does not hold when we replace Mr by Mk,ǫr , but we will
prove the following lemma, based on the idea in [16].
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Lemma 1.2. Let A > 0 and suppose that fk ∈ E(A2k) for each k ∈ Z. Then
Md/r,2kfk(x) .A,r Mk,d(1/r−1/t)t fk(x) for r < t,
uniformly in k.
Now we state the maximal inequality of Mk,ǫr , which is our main result.
Theorem 1.3. Let 0 < r < q < ∞ and ǫ > 0. Suppose that fk ∈ E(A2k) for some A > 0 and for
all k ∈ Z. Let µ ∈ Z and P ∈ Dµ. Then
(1.7)
( 1
|P |
∫
P
∞∑
k=µ
(Mk,ǫr fk(x))qdx)1/q .A,r sup
R∈Dµ
( 1
|R|
∫
R
∞∑
k=µ
|fk(x)|qdx
)1/q
.
Here, the implicit constant of the inequality is independent of µ and P .
Then as a consequence of Lemma 1.2 and Theorem 1.3 the following result holds.
Corollary 1.4. Let 0 < r < q < ∞. Suppose that for fk ∈ E(A2k) for some A > 0 and for all
k ∈ Z. Let µ ∈ Z and P ∈ Dµ. Then( 1
|P |
∫
P
∞∑
k=µ
(
Md/r,2kfk(x)
)q
dx
)1/q
.A,r sup
R∈Dµ
( 1
|R|
∫
R
∞∑
k=µ
|fk(x)|qdx
)1/q
.
Here, the implicit constant of the inequality is independent of µ and P .
Remark. Corollary 1.4 is sharp in the sense that if r ≥ q then there exists a sequence {fk} in E(2k)
for which the inequality does not hold. For details see Section 4.
It has been observed in [1] and [18] that weaker versions of maximal inequalities for Mσ,2k hold,
namely that the left hand side of the asserted inequality in Corollary 1.4 is bounded by the supremum
over arbitrary dyadic cubes, not over R ∈ Dµ, assuming σ is large enough. That is, we provide
improvements by deriving “ supR∈Dµ” and by giving the optimal range σ(= d/r) > d/q.
As an application of Corollary 1.4, for µ ∈ Z, q1 < q2 <∞, and f := {fk}k∈Z one has
(1.8) Vµ,q2 [f ] . Vµ,q1 [f ],
provided that each fk is defined as in Corollary 1.4, where
Vµ,q[f ] := sup
P∈D,l(P )≤2−µ
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
|fk(x)|qdx
)1/q
.
Indeed, for fixed Q ∈ Dk and σ > 0
(1.9) ‖Mσ,2kfk‖L∞(Q) .σ inf
y∈Q
Mσ,2kfk(y)
and then for k ≥ µ, P ∈ Dµ, and σ > d/q1
‖fk‖L∞(P ) ≤ sup
Q∈Dk,Q⊂P
∥∥Mσ,2kfk∥∥L∞(Q)
.σ sup
Q∈Dk,Q⊂P
( 1
|Q|
∫
Q
(
Mσ,2kfk(y)
)q1
dy
)1/q1
. Vµ,q1 [f ]
where we used Corollary 1.4 in the last inequality. By applying |fk(x)|q2 .
(Vµ,q1 [f ])q2−q1 |fk(x)|q1
for x ∈ P , one can prove (1.8). Furthermore, by using (1.9) and Corollary 1.4 one can also obtain
that for 0 < q <∞ and µ ∈ Z
sup
k≥µ
‖fk‖L∞ . Vµ,q[f ].
Then together with (1.8), this implies F s,q1∞ →֒ F s,q2∞ for all 0 < q1 < q2 ≤ ∞.
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This paper is organized as follows. We give some applications of the new maximal inequalities in
Section 2. We prove Lemma 1.2 and Theorem 1.3 in Section 3 and construct some counter examples
in section 4 to prove Theorem 1.1 and to show the sharpness of Corollary 1.4.
2. Applications in F˙ s,q∞ (or F
s,q
∞ )
Let S denote the Schwartz space and S′ the space of tempered distributions. For the Fourier
transform of f we use the definition f̂(ξ) =
∫
Rd
f(x)e−2πi〈x,ξ〉dx and denote by f∨ the inverse
Fourier transform of f . Let φ be a smooth function so that φ̂ is supported in {ξ : 2−1 ≤ |ξ| ≤ 2}
and
∑
k∈Z φ̂k(ξ) = 1 for ξ 6= 0 where φk := 2kdφ(2k·). For each k ∈ Z we define convolution
operators Πk by Πkf := φk ∗ f . Then for 0 < p, q ≤ ∞ and s ∈ R the homogeneous Besov spaces
B˙s,qp and Triebel-Lizorkin spaces F˙
s,q
p are defined as subspaces of S
′/P (tempered distributions
modulo polynomials) with (quasi-)norms
‖f‖B˙s,qp :=
∥∥{2skΠkf}k∈Z∥∥lq(Lp),
‖f‖F˙ s,qp :=
∥∥{2skΠkf}k∈Z∥∥Lp(lq), p <∞ or p = q =∞
respectively. When p =∞ and q <∞ we apply
‖f‖F˙ s,q∞ := sup
P∈D
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
2skq |Πkf(x)|qdx
)1/q
where D stands for the set of all dyadic cubes in Rd.
For inhomogeneous versions let Φ̂ := 1 −∑∞k=1 φ̂k and define Λ0f := Φ ∗ f and Λkf := Πkf for
k ≥ 1. Then the inhomogeneous spaces Bs,qp and F s,qp are defined similarly. For 0 < p, q ≤ ∞ and
s ∈ R, Bs,qp is the subspace of S′ with (quasi-)norms
‖f‖Bs,qp :=
∥∥{2skΛkf}∞k=0∥∥lq(Lp).
The inhomogeneous Triebel-Lizorkin spaces F s,qp is a subspace of S
′ with norms
‖f‖F s,qp :=
∥∥{2skΛkf}∞k=0∥∥Lp(lq) p <∞ or p = q =∞
‖f‖F s,q∞ := ‖Λ0f‖L∞ + sup
P∈D,l(P )<1
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
2skq|Λkf(x)|qdx
)1/q
where the supremum is taken over all dyadic cubes whose side length l(P ) is less than 1.
2.1. Mikhlin-Ho¨rmander multiplier theorems for F˙ 0,q∞ (0 < q <∞). For m ∈ L∞ the multi-
plier operator Tm is defined as Tmf(x) :=
(
mf̂
)∨
(x). The classical Mikhlin multiplier theorem [9]
states that if a function m, defined on Rd, satisfies∣∣∂βξm(ξ)∣∣ .β |ξ|−|β|
for all multi-indices β with |β| ≤ [d/2]+ 1, then the operator Tm is bounded in Lp for 1 < p <∞.
In [8] Ho¨rmander extends Mikhlin’s theorem to functions m with the weaker condition
(2.1) Aα[m] := sup
k∈Z
∥∥m(2k·)ϕ∥∥
L2α
<∞
for α > d/2 where L2α stands for the standard fractional Sobolev space, ϕ is a cutoff function such
that 0 ≤ ϕ ≤ 1, ϕ = 1 on 1/2 ≤ |ξ| ≤ 2, and Supp(ϕ) ⊂ {1/4 ≤ |ξ| ≤ 4}. When 0 < p ≤ 1 Caldero´n
and Torchinsky [2] proved that if (2.1) holds for α > d/p − d/2, then m is a Fourier multiplier of
Hardy space Hp. A different proof was given by Taibleson and Weiss [20].
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In [23] and [24, p74] Triebel extended these results to inhomogeneous Triebel-Lizorkin spaces and
the arguments can also be applied to the homogeneous spaces. That is, for 0 < p, q <∞ if m ∈ L∞
satisfies (2.1) for α > d/min (1, p, q)− d/2 then
‖Tm‖F˙ 0,qp . Aα[m]‖f‖F˙ 0,qp .
As an application of Theorem 1.3 one can extend the multiplier theorem to F˙ 0,q∞ .
Theorem 2.1. Let 0 < q < ∞. Assume m ∈ L∞(Rd) satisfies the condition (2.1) for α >
d/min (1, q)− d/2. Then Tm is bounded in F˙ 0,q∞ . Moreover, in that case∥∥Tmf∥∥F˙ 0,q∞ . Aα[m]‖f‖F˙ 0,q∞
For the proof the reader is referred to Theorem 2.3 and Theorem 2.4 in [15].
Remark. We note that the above theorem also proves the F˙ s,q∞ boundedness of Tm for s ∈ R
because the set of all Fourier multipliers for F˙ s,qp is independent of s. This immediately implies
that Tm maps BMO
s(= F˙ s,2∞ ) into itself for s ∈ R and α > d/2 where the Sobolev-BMO spaces
BMOs were initially introduced by Neri [13] and further developed by Strichartz [19]. Recently, the
spaces attract some attention in connection with Cauchy problems for non-linear parabolic PDEs,
especially Navier-Stokes equations. See [25, 26] for details.
2.2. F s,q∞ -Boundedness of Pseudo-differential operators of type (1, 1). For 0 < p < ∞ and
0 < q ≤ ∞ Runst [17], Torres [21], and Johnsen [11] proved the boundedness of pseudo-differential
operators of type (1, 1) on Triebel-Lizorkin spaces. Let τp,q = max {0, d(1/p− 1), d(1/q − 1)} and
τp = max {0, d(1/p− 1)}. Suppose s,m ∈ R and a ∈ Sm1,1. Then for 0 < p <∞ and 0 < q ≤ ∞
T[a] : F
s+m,q
p → F s,qp if s > τp,q.
On the other hand, for 0 < p, q ≤ ∞
T[a] : B
s+m,q
p → Bs,qp if s > τp.
As an application of Theorem 1.3 one can extend the boundedness to F s,q∞ .
Theorem 2.2. Suppose m ∈ R, 0 < q <∞, and a ∈ Sm1,1. If s > τq then
T[a] : F
s+m,q
∞ → F s,q∞ .
The proof is based on the idea in [11, 17], and Theorem 1.3 is used to derive a “F s,q∞ -variant” of
Marschall’s inequality in [12]. We refer to [14] which contains detailed proofs and some sharpness
results.
2.3. Franke’s embedding theorem for F s,q∞ . We recall an extension of Sobolev embedding
theorem to Bs,qp and F
s,q
p spaces. Let −∞ < s1 < s2 < ∞ and 0 < p0 < p1 ≤ ∞ with
s0 − d/p0 = s1 − d/p1. Then F s0,q0p0 →֒ F s1,q1p1 for p1 <∞.
This implies F s0,qp0 →֒ F s1,p1p1 = Bs1,p1p1 and Bs0,p0p0 = F s0,p0p0 →֒ F s1,qp1 for 0 < q ≤ ∞. Jawerth [10]
and Franke [5] showed that these embeddings are not optimal and improved that
(2.2) F s0,qp0 →֒ Bs1,p0p1 and Bs0,p1p0 →֒ F s1,qp1 , for p1 <∞.
They used interpolation techniques and later Vyb´ıral [27] gave a different proof of the embeddings
by using discrete characterization of Bs,qp and F
s,q
p .
Now, as an direct consquence of (1.8), we prove the analogue of (2.2) when p1 =∞.
Theorem 2.3. Suppose 0 < p0 <∞, 0 < q ≤ ∞, s0 ∈ R and s = s0 − d/p0. Then
(2.3) Bs0,∞p0 →֒ F s,q∞ .
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Proof. We may assume q < ∞. The proof is independent of the previous results, and quite simple
and direct without interpolation technique and discrete characterizations. It suffices to show
(2.4) sup
P∈D,l(P )<1
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
2skq
∣∣Λkf(x)∣∣qdx)1/q . ‖f‖Bs0,∞p0
If q < p0, then Ho¨lder’s inequality yields that the left hand side of (2.4) is less than
sup
P∈D,l(P )<1
( 1
|P |q/p0
∞∑
k=− log2 l(P )
2−kdq/p0
∥∥2s0k∣∣Λkf ∣∣∥∥qLp0
)1/q
and this is clearly dominated by ‖f‖Bs0,∞p0 . If q ≥ p0 then (1.8) proves that the left hand side of
(2.4) is bounded by a constant times
sup
P∈D,l(P )<1
( 1
|P |
∞∑
k=− log2 l(P )
2−kd
∥∥2s0k∣∣Λkf ∣∣∥∥p0Lp0
)1/p0
,
which is less than ‖f‖Bs0,∞p0 by the same reason. 
Note that Theorem 2.3 immediately proves that the above Sobolev-type embedding F s0,q0p0 →֒
F s1,q1p1 also holds for p1 =∞.
3. Proof of Lemma 1.2 and Theorem 1.3
3.1. Proof of Lemma 1.2. We follow arguments in the proof of Lemma 2.1 in [16]. Let 0 < r <
t <∞ and fk ∈ E(A2k). By translation-invariance it suffices to show
(3.1) Md/r,2kfk(0) .A,r Mk,d(1/r−1/t)t fk(0).
Set ǫ := d(1/r − 1/t) > 0 and let 0 < δ < 1. By the mean value theorem we obtain that
|fk(z)| ≤ 2−kδ sup
|y|<2−kδ
∣∣∇fk(z − y)∣∣+ ( 1(
2−kδ
)d
∫
|y|<2−kδ
|fk(z − y)|tdy
)1/t
.
We see that( 1(
2−kδ
)d
∫
|y|<2−kδ
|fk(z − y)|tdy
)1/t
≤
( 1
(2−kδ)d
∫
|y|<|z|+2−k
|fk(y)|tdy
)1/t
≤ 1
δd/t
(1 + 2k|z|)ǫ+d/tMk,ǫt fk(0)
Since ǫ+ d/t = d/r we have
|fk(z)|
(1 + 2k|z|)d/r ≤ 2
−kδ sup
|y|<2−kδ
|∇fk(z − y)|
(1 + 2k|z|)d/r +
1
δd/t
Mk,ǫt fk(0).
It was proved in [16] that there exists CA,r > 0 ( CA,r = C2
d/rmax (2A, 12A )A for some C > 0 )
such that
sup
|y|<2−kδ
|∇fk(z − y)|
(1 + 2k|z|)d/r ≤ CA,r2
k sup
z˜
|fk(z˜)|
(1 + 2k|z˜|)d/r ,
and this yields that
(1− CA,rδ)Md/r,2kfk(0) ≤ δ−d/tMk,ǫt fk(0).
By choosing 0 < δ < 1 sufficiently small we can get (3.1).
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3.2. Proof of Theorem 1.3. In the proof the constant A plays a minor role and affects the result
only up to a constant. Thus we now assume A = 2−2. This assumption may change slightly the
definition of Mk,ǫr f(x), but it is still acceptable because for a fixed constant C > 0
sup
C2kl(Q)≤1,x∈Q
((|f |r)
Q
)1/r
+ sup
C2kl(Q)>1,x∈Q
(2kl(Q))−ǫ
((|f |r)
Q
)1/r
.C Mk,ǫr f(x)
where
(|f |r)
Q
:= 1|Q|
∫
Q |f(y)|dy.
Suppose fk ∈ E(2k−2) and let ψk be a Schwartz function whose Fourier transform takes the value
1 on the support of f̂k and is supported in {ξ : |ξ| ≤ 2k}. Then by using the idea in the proof of [6,
Lemma 2.1] we write
(3.2) fk(x) =
∑
Q∈Dk
2−kdfk(xQ)ψk(x− xQ).
We first claim that for a dyadic cube P with l(P ) ≥ 2−k
(3.3)
( ∑
Q∈Dk(P )
|fk(xQ)|q
)1/q
.
(
2kl(P )
)d/q
sup
R∈D,l(R)=l(P )
( 1
|R|
∫
R
|fk(x)|qdx
)1/q
.
Let σ > d/q and γ be a Schwartz function so that γ(0) = 1, Supp(γ̂) ⊂ {ξ : |ξ| ≤ 1}, and γk(x) =
γ(2kx). For each Q ∈ Dk define gk,Q(x) = fk(x)γk(x − xQ). Observe that gk,Q(xQ) = fk(xQ), the
Fourier transform of gk,Q is supported in {ξ : |ξ| ≤ 2k+2}, and for all y ∈ Q and arbitrary σ > 0
(3.4) |fk(xQ)| = |gk,Q(xQ)| .Mσ,2kgk,Q(y)
uniformly in k and Q due to (1.9). Thus we have∑
Q∈Dk(P )
|fk(xQ)|qχQ(y) .
∑
Q∈Dk(P )
(
Mσ,2kgk,Q(y)
)q
χQ(y)
By taking an integral in y variable and using the Lq boundedness of Mσ,2k we obtain
2−kd
∑
Q∈Dk(P )
∣∣fk(xQ)∣∣q . ∑
Q∈Dk(P )
‖gk,Q‖qLq .
Furthermore, for Q ∈ Dk(P )
‖gk,Q‖qLq =
∫
Rd
|fk(x)|q
∣∣γ(2k(x− xQ))∣∣qdx
.M
∑
m∈Zd
∫
P+l(P )m
|fk(x)|q 1(
1 + 2k|x− xQ|
)2Mq dx
.
∑
m∈Zd
1(
1 + |m|)Mq
∫
P+l(P )m
|fk(x)|q 1(
1 + 2k|x− xQ|
)Mq dx
for sufficiently large M . By putting together and taking the supremum of the integral over m ∈ Zd
we derive (3.3). Here, we used the fact that
∑
Q∈Dk
1(
1+2k|x−xQ|
)Mq . 1 for Mq > d.
Now fix µ ∈ Z and P ∈ Dµ, and then consider
(3.5)
( 1
|P |
∫
P
∞∑
k=µ
(Mk,ǫr fk(x))qdx)1/q.
For each n ∈ Zd and P ∈ D let P + l(P )n := {x + l(P )n : x ∈ P} and define Dk(P, n) to be
the subfamily of Dk that contains any dyadic cubes contained in P + l(P )n. When n = 0 ∈ Zd let
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Dk(P ) := Dk(P, 0). We decompose (3.5) by using
Mk,ǫr fk .Mr
( ∑
|m|≤4d
∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(· − xQ)
)
+Mk,ǫr
( ∑
|m|>4d
∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(· − xQ)
)
=: Ak(x) +Bk(x)
where (3.2) and (1.6) are applied. By the Lq boundedness of Mr( 1
|P |
∫
P
∞∑
k=µ
∣∣Ak(x)∣∣qdx)1/q
.
( 1
|P |
∞∑
k=µ
∥∥∥ ∑
|m|≤4d
∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(· − xQ)
∥∥∥q
Lq
)1/q
.
∑
|m|≤4d
( 1
|P |
∞∑
k=µ
∥∥∥ ∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(· − xQ)
∥∥∥q
Lq
)1/q
.(3.6)
Let
E0P,m(x) :=
{
Q ∈ Dk(P,m) : |x− xQ| < 2−k
}
.
and for each l ∈ N
ElP,m(x) :=
{
Q ∈ Dk(P,m) : 2−k2l−1 ≤ |x− xQ| < 2−k2l
}
.
Then for 0 < s < min (1, r)
∑
Q∈Dk(P,m)
2−kd|fk(xQ)|
∣∣ψk(x− xQ)∣∣ .M ∞∑
l=0
2−lM
( ∑
Q∈El
P,m
(x)
|fk(xQ)|s
)1/s
=
∞∑
l=0
2−l(M−d/s)
( 1
2(l−k)d
∫
Rd
∑
Q∈ElP,m(x)
|fk(xQ)|sχQ(y)dy
)1/s
.Ms
( ∑
Q∈Dk(P,m)
|fk(xQ)|χQ
)
(x)
for M > d/s. By applying the Lq boundedness ofMs, (3.4), and the argument we did for (3.3), we
obtain∥∥∥ ∑
Q∈Dk(P,m)
2−kd|fk(xQ)|
∣∣ψk(· − xQ)∣∣∥∥∥q
Lq
.N
∑
n∈Zd
1(
1 + |n|)Nq
∫
P+l(P )m+l(P )n
|fk(x)|qdx
for sufficiently large N , which proves
(3.6) .
∑
|m|≤4d
( ∑
n∈Zd
1
(1 + |n|)Nq
1
|P |
∫
P+l(P )m+l(P )n
∞∑
k=µ
|fk(x)|qdx
)1/q
. sup
R∈Dµ
( 1
|R|
∫
R
∞∑
k=µ
|fk(x)|qdx
)1/q
.
Now it remains to show
(3.7)
[ 1
|P |
∫
P
∞∑
k=µ
∣∣Bk(x)∣∣qdx]1/q . sup
R∈Dµ
( 1
|R|
∫
R
∞∑
k=µ
|fk(x)|qdx
)1/q
.
MAXIMAL INEQUALITY 9
The left hand side of the inequality is bounded by
( 1
|P |
∫
P
∞∑
k=µ
(Ik,rP [fk](x))qdx)1/q + ( 1|P |
∫
P
∞∑
k=µ
2−kǫq
(J k,r,ǫP [fk](x))qdx)1/q
where
Ik,rP [fk](x) := sup
V :x∈V,2kl(V )≤1
( 1
|V |
∫
V
∣∣∣ ∑
|m|>4d
∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(y − xQ)
∣∣∣rdy)1/r
J k,r,ǫP [fk](x) := sup
V :x∈V,2kl(V )>1
( 1
|V |1+ǫr/d
∫
V
∣∣∣ ∑
|m|>4d
∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(y − xQ)
∣∣∣rdy)1/r.
We observe that if l(V ) ≤ 2−k, x ∈ V ∩ P , xQ ∈ P + l(P )m, y ∈ V , and |m| > 4d, then
|y − xQ| ≥ |x− xQ| − |x− y| & |m|l(P ) and thus
|ψk(y − xQ)| .L 2
kd
(2kl(P )|m|)2L
for any L > 0. Choose L > d/q and then
( 1
|P |
∫
P
∞∑
k=µ
(Ik,rP [fk](x))qdx)1/q . (
∞∑
k=µ
( ∑
|m|>4d
∑
Q∈Dk(P,m)
|fk(xQ)| 1(
2kl(P )|m|)2L
)q)1/q
.L
( ∞∑
k=µ
∑
|m|>4d
1
|m|Lq
∑
Q∈Dk(P,m)
|fk(xQ)|q 1(
2kl(P )
)Lq )1/q
. sup
R∈Dµ
( 1
|R|
∫
R
∞∑
j=µ
|fj(x)|qdx
)1/q
(3.8)
where the second inequality follows from Ho¨lder’s inequality if q > 1, lq →֒ l1 if q ≥ 1, and the third
one from (3.3) for sufficiently large L > 0.
For the remaining term (which is corresponding to J k,r,ǫP [fk]), if |m| ≥ 10|x−y|/l(P ), x ∈ P ∩V ,
and xQ ∈ P + l(P )|m| then |y − xQ| ≥ |x− xQ| − |y − x| & l(P )|m|. Therefore for M > d+ d/q
sup
V :x∈V,2kl(V )>1
( 1
|V |1+ǫr/d
∫
V
∣∣∣ ∑
|m|>4d,|m|≥10|x−y|/l(P )
∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(y − xQ)
∣∣∣rdy)1/r
.L 2
kǫ
∑
|m|>4d
∑
Q∈Dk(P,m)
|fk(xQ)| 1
(2kl(P )|m|)2L
for any L > 0. Then we obtain the bound (3.8) for |m| ≥ 10|x− y|/l(P ) by the same way.
Similary, if |m| ≤ 10−1|x − y|/l(P ), then we have |y − xQ| ≥ |y − x| − |x − xQ| & l(P )|m| for
x ∈ P ∩ V , and xQ ∈ P + l(P )|m|. By applying the same technique above we obtain the desired
result.
Now consider the case 10−1|x − y|/l(P ) < |m| < 10|x − y|/l(P ) in J k,r,ǫP [fk]. In this case we
observe that for x, y ∈ V
(3.9) |m|l(P ) . l(V ).
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Let Bl(P )(x, y) := {m ∈ Zd : |m| > 4d, 10−1|x − y|/l(P ) < |m| < 10|x − y|/l(P )}. Then for L > 0
sufficiently large
1
|V |1+ǫr/d
∫
V
∣∣∣ ∑
m∈Bl(P )(x,y)
∑
Q∈Dk(P,m)
2−kdfk(xQ)ψk(y − xQ)
∣∣∣rdy
.L
1
|V |1+ǫr/d
∫
V
( ∑
m∈Bl(P)(x,y)
∑
Q∈Dk(P,m)
|fk(xQ)| 1
(1 + 2k|y − xQ|)2L
)r
dy
.
1
|V |1+ǫr/d
∫
V
∑
m∈Bl(P)(x,y)
∑
Q∈Dk(P,m)
|fk(xQ)|r 1
(1 + 2k|y − xQ|)Lr dy
.
∫
V
∑
m∈Bl(P)(x,y)
∑
Q∈Dk(P,m)
1
(|m|l(P ))d+ǫr |fk(xQ)|
r 1
(1 + 2k|y − xQ|)Lr dy
.
1
l(P )ǫr
∑
|m|>4d
1
|m|d+ǫr
1
(2kl(P ))d
∑
Q∈Dk(P,m)
|fk(xQ)|r
where the second one follows from Ho¨lder’s inequality if r > 1, lr →֒ l1 if r ≤ 1, and the third one
from (3.9). Now by using Ho¨lder’s inequality with q/r > 1 and (3.3) the last expression is less than
2µǫr sup
R∈Dµ
( 1
|R|
∫
R
∞∑
j=µ
|fj(x)|qdx
)r/q
and finally, this completes the estimate of the term corresponding to J k,r,ǫP [fk]. That is,( 1
|P |
∫
P
∞∑
k=µ
2−kǫq
(J k,r,ǫP [fk](x))qdx)1/q . sup
R∈Dµ
( 1
|R|
∫
R
∞∑
j=µ
|fj(x)|qdx
)1/q
.
Combining this with (3.8) we obtain (3.7).
4. Some examples
In what follows let η, η˜ denote Schwartz functions so that η ≥ 0, η(x) ≥ c on {x : |x| ≤ 1/100} for
some c > 0, Supp(η̂) ⊂ {ξ : |ξ| ≤ 1/100}, ̂˜η(ξ) = 1 for |ξ| ≤ 1/100, and Supp(̂˜η) ⊂ {ξ : |ξ| ≤ 1/10}.
4.1. Proof of Theorem 1.1. We construct a sequence of functions fk ∈ E(2k) satisfying (1.5) <∞,
but (1.4) =∞. One key idea is that for arbitrary α > 0 there exists M = M(α) such that
(4.1)
∞∑
k=1
1(
1 + |2−kx− kα|)M
is a bounded function in R. Indeed, if |x| < 4 · 2α then 1 + |2−kx− kα| & kα for k ≥ 3 and thus
(4.1) . 2 +
∞∑
k=3
k−αM <∞, for M > 1/α.
If 2nnα ≤ |x| < 2n+1(n+1)α for n ≥ 2 then we have 1+ |2−kx−kα| & kα for k ≤ n−1 or k ≥ n+2.
This yields that for M > 1/α
(4.1) . 2 +
n−1∑
k=1
k−αM +
∞∑
k=n+2
k−αM <∞ uniformly in n ≥ 2.
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On the other hand, for any M > 1,
∞∑
k=1
1(
1 + |x− kα|)M
is bounded only when α ≥ 1.
For α > 0 to be chosen later, define
fk(x) := η
(
2−k(x− 2kkαe1)
)
e2πi〈x,2
ke1〉 for k ≥ 1
and set fk := 0 for k < 1 where e1 = (1, 0, . . . , 0) ∈ Rd. Then we observe that for P ∈ D and
sufficiently large M > 0( 1
|P |
∫
P
∞∑
k=− log2 l(P )
∣∣fk(x)∣∣qdx)1/q . ( 1|P |
∫
P
∞∑
k=1
1(
1 +
∣∣2−kx− kαe1∣∣)Mq dx
)1/q
.α 1
uniformly in P .
On the other hand,
sup
P∈D
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
∣∣Mrfk(x)∣∣qdx)1/q & (
∫
[0,1/2]d
∞∑
k=1
∣∣Mrfk(x)∣∣qdx)1/q
and for x ∈ [0, 1/2]d
Mrfk(x) &
( 1
2kdkαd
∫
|x−y|.2kkα
∣∣η(2−k(y − 2kkαe1))∣∣rdy)1/r
&
( 1
2kdkαd
∫
|y−2kkαe1|.2k
∣∣η(2−k(y − 2kkαe1))∣∣rdy)1/r & k−αd/r.
By choosing α = rqd we obtain
sup
P :l(P )<1
( 1
|P |
∫
P
∞∑
k=− log2 l(P )
∣∣Mrfk(x)∣∣qdx)1/q & ( ∞∑
k=1
1
k
)1/r
=∞.
4.2. Sharpness of Corollary 1.4. We apply the idea in [3, Section 5] to prove that the condition
r < q is necessary in Corollary 1.4. Fix µ ∈ Z. Let M(= Md) > 0 be sufficiently large (so that√
d ≪ 2M ) and let β be a nonnegative Schwartz function such that β(x) ≥ 1 on [−2−M , 2−M ]d
and Supp(β̂) ⊂ {ξ : |ξ| ≤ 1}. Let βk := 2kdβ(2k·). We fix N(= NM,d,µ) sufficiently large and for
k ≥ N + µ let Zd,µk,N := {0, 1, . . . , 2k−N−µ − 1}d. For each j = (j1, . . . , jd) ∈ Zd,µk,N we set
Qk,j := [j12
−k+N , j12
−k+N + 2−k−M ]× · · · × [jd2−k+N , jd2−k+N + 2−k−M ].
Denote by χk,j the characteristic function of Qk,j and let h
µ
k :=
∑
j∈Zd,µ
k,N
χk,j . Then define f
µ
k :=
hµk ∗ βk so that Supp(f̂µk ) ⊂ {ξ : |ξ| ≤ 2k}.
Our claim is that
(4.2) sup
P∈Dµ
( 1
|P |
∫
P
2Nd∑
k=N+µ
|fµk (x)|qdx
)1/q
. 1
uniformly in N , and
(4.3) sup
P∈Dµ
( 1
|P |
∫
P
2Nd∑
k=N+µ
(
Mσ,2kf
µ
k (x)
)q
dx
)1/q
&M max {2N(d/q−σ), N1/q}
for σ ≤ d/q.
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We first observe the pointwise estimate
∣∣βk ∗ hµk (x)∣∣ .Mshµk(x) for 0 < s < q, which is proved
in [3]. Then the Lq boundedness ofMs yields that the left hand side of (4.2) is less than a constant
times (
2µd
2Nd∑
k=N+µ
∫
Rd
hµk(x)dx
)1/q
and a straightforward computation gives that this is bounded above uniformly in N .
To establish (4.3) we see that fµk ≥ βk ∗ χk,j for each j since βk ≥ 0, and this proves
Mσ,2kf
µ
k (x) ≥Mσ,2k
(
βk ∗ χk,j
)
(x).
Moreover, let ck,j be the center of Qk,j and observe that βk ∗ hµk,j(ck,j) ≥ 2−Md. Here, we used the
lower bound of β on [−2M , 2M ]d. Then as in [3], we can prove that for |x− ck,j | ≤ 2−k+N−2
Mσ,2kf
µ
k (x) ≥Mσ,2k(βk ∗ χk,j)(x) ≥ 2−Md
1(
1 + 2k|x− ck,j |
)σ .
By using this estimate we obtain that the left hand side of (4.3) is bounded below by
(
2µd
2Nd∑
k=N+µ
∫
[0,2−µ]d
(
Mσ,2kf
µ
k (x)
)q
dx
)1/q
&M
(
2µd
2Nd∑
k=N+µ
∑
j∈Zd,µ
k,N
∫
|x−ck,j|≤2−k+N−2
1(
1 + 2k|x− ck,j |
)σq dx)1/q
We see that the last expression is & 2N(d/q−σ) if σ < d/q and & N1/q if σ = d/q. Thus, by taking
N sufficiently large we can prove the sharpness.
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